We investigate the Lagrange multiplier formulation of teleparallel theories, including f (T ) gravity, in which the connection is not set to zero a priori and compare it with the pure frame theory. We show explicitly that the two formulations are equivalent, in the sense that the dynamical equations have the same content. One consequence is that the manifestly local Lorentz invariant f (T ) theory cannot be expected to be free of pathologies, which were previously found to plague f (T ) gravity formulated in the usual pure frame approach.
Einstein's theory of general relativity recently celebrated its centenary in 2015, and has so far passed all experimental and observational solar system tests with flying colors. Nevertheless, there remain a few mysteries in astrophysics and cosmology that could be a sign that general relativity might need to be modified on larger scales. On the one hand for galaxies and clusters there are discrepancies that could be explained by large amounts of dark matter or some alternative theory [1, 2] . Another issue is the observation that apparently the expansion of our Universe is currently accelerating [3, 4] . A simple explanation is the presence of a positive cosmological constant Λ, so that the Universe is asymptotically de Sitter in the far future, not asymptotically flat, but other possibilities cannot yet be excluded.
These problems motivated the search for a modified theory of gravity, which would agree with general relativity in the regimes where the latter had been well-tested, but would nevertheless better account for the larger scale observations, maybe giving a more "natural" explanation for the cosmic acceleration, without the need for Λ.
The literature has no shortage for various gravity theories, many of which modify general relativity at the level of the action. The most straightforward example is f (R) gravity, in which the scalar curvature R in the Hilbert-Einstein action is replaced by a function f (R). Another class of gravity theories, known as teleparallel gravity, stands out among the rest, for it considers a connection that is curvatureless but torsionful 1 . Recall that in general relativity (GR), the metric compatible LeviCivita connection has nonzero curvature but vanishing torsion. Gravity is therefore modeled entirely by the effect of spacetime curvature. It may therefore seem rather surprising that there exists a teleparallel equivalent of general relativity (TEGR, or simply GR ), which by construction has zero curvature. For a detailed discussion see [6] . TEGR models gravity as a torsional effect, but is otherwise completely equivalent to general relativity, at least at the action level [7] [8] [9] [10] . Since curvature is identically zero in a teleparallel theory, there is a global absolute parallelism.
In such theories the torsion tensor includes all the information concerning the gravitational field.
2 By suitable contractions one can write down the corresponding Lagrangian density -assuming an invariance under general coordinate transformations, global Lorentz and parity transformations, and using quadratic terms in the torsion tensor T ρ ηµ [7] . There is a certain combination of considerable interest, the so-called TEGR "torsion scalar":
which is equivalent to the scalar curvature obtained from the standard Levi-Civita connection, up to a total divergence. A more general quadratic "torsion scalar" can be obtained by relaxing the coefficients:
Only in the case a = 1/4, b = 1/2 and c = −1 does the theory becomes equivalent to GR. Finally, f (T ) gravity arises as a natural extension of TEGR, if one generalizes "just another field" coupled to standard general relativity. 2 Here we are considering the standard metric compatible type of teleparallel theory. There are more general alternatives with both torsion and non-vanishing non-metricity [11] [12] [13] which also merit consideration.
the Lagrangian to be a function of T [14, 15] , see [16] for a review. One could in fact have other even more generalized teleparallel theories in addition to f (T ) theory.
Here, let us emphasize some aspects of teleparallel gravity theories. As explained above, a teleparallel theory is one which is described by a connection which is flat, i.e., curvature vanishes. On the other hand, one can also formulate a theory described purely in terms of the frame (or the co-frame), with no mention of any connection. In 4-dimensions this is known as a tetrad theory. It turns out that frame theories and teleparallel theories are essentially equivalent. People have long understood this to be the case, but we found that there are a couple of subtleties that have not been addressed in the literature. Firmly establishing this equivalence is the main objective of the present work.
If one has a teleparallel geometry, starting at any point, one can choose there a basis for the tangent space. Then one could parallel transport it along any path to every other point in the space. Since the curvature vanishes, the transport is unique, independent of the path. This constructs a smooth global "preferred" frame field 3 , in which the connection coefficients vanish, thus one gets a pure frame description -unique up to an overall constant linear transformation. Conversely, if one has a "preferred" smooth frame field, it allows one to introduce a specific parallel transport rule: namely that vectors are transported along paths by keeping their components constant in this frame. This transport rule is path independent. The associated curvature vanishes. The resulting connection will have vanishing coefficients in this preferred frame. (This is what is meant by having a connection which is zero.) Note that geometrically these concepts make sense without any need for a metric tensor (the torsion tensor, as well as the curvature tensor, can be defined for any connection without using any metric).
Let us suppose we also have a Lorentzian metric (this gives the spacetime a local causal structure), then there is a distinguished subset of possible teleparallel connections which are metric compatible. With such a connection, if one chooses at one point an orthonormal frame, its parallel transport to all other points will give a global orthonormal frame field. Conversely, given a global orthonormal frame field it determines a metric compatible teleparallel connection. Furthermore any global frame field determines a metric by defining the frame to be orthonormal.
One crucial aspect that one has to check for any theory of gravity is the number of degrees of freedom it contains.
The number is two for general relativity in 4-dimensions 4 .
Although TEGR has the same degrees of freedom as general relativity 5 , a generic teleparallel theory does not. In the case of f (T ) gravity, Miao Li et al. [18] -by utilizing the Dirac constraint technique along with Maluf's Hamiltonian formulation [19] -concluded that in 4-dimensions there are generically 5 degrees of freedom: namely, in addition to the usual 2 degrees of freedom in the metric, the tetrad would have 3 degrees of freedom. For a more intuitive understanding of why 5 degrees of freedom could be expected in such a theory, see Sec.2 of [20] . (Recently, a Hamiltonian analysis of f (T ) gravity was carried out by Ferraro and Guzmán [21] . They claimed that f (T ) gravity only contains 3 degrees of freedom, not 5. According to our understanding their analysis has some problems, but clarifying these issues is beyond the scope of the present work.)
The extra degrees of freedom in f (T ) gravity are highly nonlinear, as they do not manifest even at the level of second order perturbation in a FLRW background [22] . In fact, it is expected that they will give rise to problems such as superluminal propagation and the ill-posedness of the Cauchy problem in f (T ) gravity, i.e., given an initial condition the evolution equations could not uniquely determine the future state of the system. This would be a disaster because it means that physics has lost its predictive power. For comprehensive discussions of this issue, see [20, 23, 24] . In view of said issue, it is important to further understand the degrees of freedom in f (T ) gravity and other teleparallel theories.
As mentioned, this class of physical theories can be regarded in (at least) two different ways: as a theory formulated purely in terms of an (orthonormal) frame, or as a theory with both a frame and a flat connection. One could dynamically achieved the flat connection condition by using a Lagrangian multiplier to enforce vanishing curvature. The frame-connection-multiplier formulation is a particular subclass of the general metric-affine gravity theories, see §5.9 in [25] . As we remarked, it has generally been understood that one can achieve the desired result using this Lagrange multiplier approach. Upon examination we found that there are some subtle aspects, which have not all been addressed in the existing literature, including [17, [25] [26] [27] . We note that the issue is not triv-ial. The vanishing curvature constraint depends on the connection coefficient and its first partial derivative. In Classical Mechanics, it is well known that one cannot in general achieve the desired result by introducing into the action with Lagrange multipliers a constraint which depends on the time derivatives of the dynamical variables. The standard counter-example of such a non-holonomic constraint is "rolling without slipping" (for discussions see [28] pp 14-16 and [29] ). Likewise in field theory, one cannot in general introduce via Lagrange multipliers constraints which depend on the derivatives of the field, however sometimes this does produce the desired result. We do not know of any general results, so we need to check each case carefully.
II. THE LAGRANGE MULTIPLIER APPROACH
The representation in terms of a non-vanishing teleparallel connection may give some insights. Enforcing vanishing curvature via a Lagrange multiplier has been treated in many sources including Kopczyński [30] , Hehl et al. [25] and Blagojević [31] . See also [26] and [32] . This can be done even for the most general metric-affine gravity theory or for the a priori metric compatible case such as f (T ) gravity. Our formulation here will essentially be like that of the Obukhov-Pereira metric-affine formulation [17] .
It is straightforward to restrict that approach to our needs by completely eliminating the metric using orthonormal frames. There are interesting technical details about how the number of independent components of the dynamical equations work out so that this approach is equivalent to the approach with a priori vanishing connection. The equivalence has been, until now, not explicitly shown at this level of detail, although most of the underlying ideas were implicit in the earlier foundational works of Blagojević and Nikolić [26] , as well as those of Blagojević and Vasilić [27] , and Obukhov-Pereira [17] . The Lagrange multiplier formulation was also mentioned in a more recent work by Golovnev, Koivisto, and Sandstad [33] , but the counting of the number of components was not carried out. We will demonstrate the equivalence in this section. However, let us first clarify what it means to not set the connection to be zero.
In the usual formulation of f (T ) gravity, the Weitzenböck connection is defined by
This expression actually corresponds to a very specific choice of frame in which the frame connection coefficient, often referred to as the spin connection, vanishes -hence we have usedẽ to denote such a preferred orthoparallel frame (Kopczyński [30] called such frames OT, standing for "orthonormal teleparallel"). However, the Weitzenböck connection is well-defined even if we keep the frame connection nonzero [6, 34] :
where ω A Bµ is the frame connection coefficient defined via ω
µ . In this work, Greek indices {µ, ν, · · · } run over all spacetime local coordinates, while capital Latin indices {A, B, · · · } refer to the orthonormal frame. We remark that this formula is not special to the Wetzenböck connection. It takes any connection components ω in the frame with upper case Latin indices to the components of the same connection in a frame with Greek indices (which are holonomic here). There is in general no special restriction on the connection. For our purpose, ω corresponds to a flat, Wetzenböck, connection but need not vanish.
One could then calculate the torsion tensor, the torsion scalar T , the action given the explicit form of the function f (T ), and the field equations, using the above Weitzenböck connection (4). For instance the torsion tensor now reads
However we do not gain anything new, since all this just says that the connection 1-form is non-zero if we go to another basis that is different from the orthoparallel frame. In fact, we can work in the Lagrange multiplier approach, and see that the degrees of freedom of the theory remains unchanged.
To be more specific, our claim is this:
The amount of information in any teleparallel theory of gravity in which curvature is constrained to vanish via a Lagrange multiplier is the same as that in the formulation in which the connection is set to zero a priori.
To see this, let us first consider a general Lagrangian density (i.e., a 4-form in 4-dimensions) of the form
where g is the metric tensor, Dg is the covariant differential of the metric, T is the torsion 2-form, R is the curvature 2-form, and λ is a Lagrange multiplier, all of which are written abstractly for convenience. We "eliminate" g as an independent variable via
where θ A is the orthonormal (co-)frame. The torsion 2-form and curvature 2-form are related to the orthonormal frame and the connection 1-form by
and (8) 6 For simplicity we do not discuss any matter source fields; they do not play an essential role in the issue we are addressing.
We also impose metric compatiblity as an a priori constraint:
Then ω AB and R AB are antisymmetric:
. Working only with covariant objects, the variation of the Lagrangian density is
where
Hence
where we introduced symbolic names for the EulerLagrange variational expressions:
Since ω AB is antisymmetric ǫ AB is also: ǫ AB ≡ ǫ [AB] . Let us consider a local frame gauge transformation δθ A = l (14), the following identity:
Since
and d 2 = 0, we get from Eq. (16) and Eq. (17) 0 ≡d l
This yields the Noether differential identity:
which does not depend on any of the field equations being satisfied.
III. COUNTING THE COMPONENTS
Now let us consider a special case, the teleparallel Lagrangian:
The concern is the following: do the field equations obtained from Eq. (21) contain the same amount of physical information -no more and no less -as the equations obtained from the coframe Lagrangian L (θ, dθ), or equivalently the frame Lagrangian L (e, ∂e)? Note that the variation of the Lagrangian in Eq. (21) involves variation with respect to the frame, the connection and the multiplier, whereas the coframe Lagrangian involves only variation with respect to the frame. From the first Lagrangian, the multiplier variation would enforce the vanishing of curvature, which leads to a preferred frame with a vanishing connection; then the frame variation reduces to that obtained from the pure frame Lagrangian. So the remaining technical issue is whether the equation obtained by variation with respect to the connection could have any "physical" content beyond determining the multiplier. To put it differently: does the connection or the multiplier contain any dynamics?
As mentioned, the variation with respect to λ A B implies flatness R A B = 0. Then there exists a frame in which D = d, in which we no longer have local gauge freedom. However, while it is generally believed that imposing flatness via a Lagrange multiplier is equivalent to imposing flatness a priori, it is not obvious how the counting of independent components works out to match so well, especially since in the Lagrange multiplier approach there are gauge degrees of freedom. This is what we shall elaborate on now.
The argument is just as easy, and actually more clear, in n-dimensions. Then R A B is a 2-form while λ A B is an (n−2)-form. It is easy to see that the Lagrange multiplier has some gauge freedom. Consider the transformation
where χ is an (n − 3)-form. Under such a transformation the Lagrangian in Eq.(21) picks up an additional term
By the Bianchi identity, DR B A = 0. Therefore only a total derivative term is added to the Lagrangian in Eq. (21), and thus the equations of motion are invariant under this gauge transformation. In other words, we have a gauge freedom that does not allow us to determine λ AB completely, but only up to total differential terms. From Eq. (16) and Eq.(21) we find the explicit form for the expression obtained by variation of the connection oneform:
This is the only dynamical equation that contains the Lagrange multiplier, and it indeed is invariant under the multiplier gauge transformation (22) since, schematically,
Our aim is to show that relation Eq. (24) serves only to determine the multiplier (as much as it can be determined), and that it has no other extra dynamical content independent of (15) .
Let us keep track of the number of independent components. Let n be the spacetime dimension, and N = n 2 = n(n−1)/2 the dimension of the orthonormal frame gauge group SO(1, n − 1). 7 The number of independent components of the connection 1-form is N n, that of R A B and λ A B is N n(n − 1)/2, and that of ǫ AB is N n. Finally, the multiplier gauge freedom Dχ A B has N (n − 1)(n − 2)/2 independent components. 8 Thus the field equations can determine of λ
components. This is the total number of multipliers minus their inherent gauge freedom. It is effectively the number of components of Eq.(24) that serve the purpose of determining the Lagrange multiplier value. Since we are not actually interested in the values of the multipliers, this is the content of Eq.(24) that can be neglected.
There are thus N n−N (n−1) = N components of Eq.(24) that can contain "physical information", since they are not involved in determining the multipliers. However exactly this many components are automatically satisfied by virtue of the Noether identity in Eq. (20), the teleparallel condition imposed by the multiplier and the frame dynamical equation (15) . Indeed, we observe that in the Noether identity it is not ǫ AB but Dǫ AB which actually appears. Due to the differential operator D, the identity contains, schematically, D 2 λ ∼ R∧λ ≡ 0. That is, Dǫ AB contains the part of ǫ AB which is entirely independent of 7 Here we are considering the metric compatible case using orthonormal frames. In other teleparallel theories for the frame gauge group GL(n) one would have N = n 2 and for SL(n) N = n 2 − 1. 8 According to the Hodge-Kodaira-de Rham generalization of the Helmholtz decomposition (see, e.g., [35, 36] ), locally a differential form can be decomposed into a sum of terms which are in the kernel and the co-kernel of the differential operator d, and can be expressed as the differential and codifferential of certain potentials. For a k-form in n-dimensions, the sizes of these terms are determined by the binomial coefficients
This is an indication that the part of Eq. (24) that is independent of λ AB is automatically a consequence of the frame dynamical equation (15) and the identity Eq. (20) -it has no independent information.
Let us say this in another way. Here are 4 physically equivalent sets of effective dynamical equations:
where the frame dynamical equation has been written as a 4-form
Here E (AB) denotes its symmetric part and E [AB] its antisymmetric part. Effectively, E
[AB] , Dǫ AB and ǫ AB (24) contain equivalent physical information. The key is the Noether differential identity, Eq. (20) , which guarantees that
In the frame with vanishing connection the second of these equations says that ǫ AB is closed, then (at least locally) it is exact-which thus means one can find a multiplier in (24) that makes ǫ AB vanish. Thus the Lagrange multiplier approach yields the same number of independent components as the usual approach in which the curvature-free condition is imposed a priori.
There still remains a slight possibility that the first term on the right hand side of Eq.(24) might, in ndimensions, contain a closed but not exact (n − 1)-form. Then it might include an extra global condition for the connection-multiplier representation that is not required in the coframe version. To us this seems unlikely, but we have not yet been able to rule it out for spaces that have a non-vanishing (n − 1)-cohomology 9 . Thus generically a teleparallel theory has effectively n 2 physical dynamical equations 0 = E AB = E (AB) + E [AB] . Only for the special case of the teleparallel equivalent of GR the anti-symmetric part vanishes identically: E
[AB] ≡ 0, leaving n(n + 1)/2 dynamical equations. It is important to emphasize at this point that, for TEGR, in the connection-multiplier representation there are two local Lorentz symmetries:
(1) Transforming the frame along with the standard induced connection transformation leaves the action invariant.
(2) Transforming the frame while keeping the connection fixed changes the action by a total differential.
Transformation (1) applies to all teleparallel theories, whereas (2) is obviously is no longer true in the case of a general teleparallel theory, such as f (T ) gravity.
IV. CONCLUSION
One major advantage of the Lagrange multiplier formulation is that it permits us to use any orthonormal frame that corresponds to a metric, since it manifestly preserves local Lorentz invariance. This avoids the important and practical problem of identifying the correct frame compatible with the zero-connection in the usual approach.
Although it has long been argued that this approach is equivalent to the usual frame approach which sets the connection to zero a priori, we found that there are some subtleties in the counting of the number of components in the Lagrange multiplier approach, which until now have not been fully discussed in detail. In this work we showed that indeed the number of physically significant components for the equations in the Lagrange multiplier formulation agrees with that obtained using the frame approach.
Consequently, a manifestly local Lorentz invariant f (T ) theory cannot be expected to be free of the pathologies, which were previously found to plague f (T ) gravity formulated in the usual pure frame approach. Nevertheless, the Lagrange multiplier teleparallel formulation might shed some light on the properties of the extra degrees of freedom and the "remnant symmetry" discovered in [37] (which was further discussed in [20] ).
